Abstract. In this paper we extend to the function field setting the heuristics formerly developed by Conrey, Farmer, Keating, Rubinstein and Snaith, for the integral moments of L-functions. We also adapt to the function setting the heuristics first developed by Conrey, Farmer and Zirnbauer to the study of mean values of ratios of L-functions. Specifically, the focus of this paper is on the family of quadratic Dirichlet L-functions L(s, χP ) where the character χ is defined by the Legendre symbol for polynomials in Fq[T ] with Fq a finite field of odd cardinality and the averages are taken over all monic and irreducible polynomials P of a given odd degree. As an application we also compute the formula for the one-level density for the zeros of these L-functions.
Introduction
A central topic in analytic number theory is the study of moments of families of L-functions. Many fine mathematicians have studied this subject and considerable progress was made in the last decades in the direction of getting a better understanding of the asymptotic behaviour of such moments. For example, in the case of the Riemann zeta function, the problem is to understand the asymptotic behaviour of
as T → ∞.
Hardy and Littlewood [20] proved in 1918 an asymptotic formula for the second moment, i.e., (1.2) M 1 (T ) ∼ T log T.
In 1926 Ingham [22] showed that when k = 2,
For values of k ≥ 3 it still remains an unsolved problem to obtain asymptotic formulas for M k (T ), however, it is conjectured that for every k ≥ 0 there is a constant c k such that
Conrey and Ghosh [11] made a conjecture for the sixth moment of the Riemann zeta-function and later on Conrey and Gonek [12] put forward a conjecture for the eight-moment but they approach fails to provide conjectures for higher moments. Keating and Snaith [26] , using random matrix theory, conjectured the precise value of the constant c k for all values of k with R(k) > 1/2. More recently Conrey and Keating, in a series of paper [7, 8, 9, 10] returned to the problem of obtaining conjectures for the higher moments of the Riemann zeta-function using only number-theoretic heuristics. Their new approach not only produce the conjectures for the moments of the Riemann zeta-function as well as explain the role of non-diagonal contribution to the main terms in the asymptotic formulas.
A different example is the family of quadratic Dirichlet L-functions L(s, χ d ), where χ d is the real primitive Dirichlet character modulo d defined by the Kronecker symbol χ d (n) = d n . The problem here is to establish an asymptotic formula for
as X → ∞, where the sum is taken over all positive discriminants d and k is a positive integer. In this case, as it is for the Riemann zeta-function, just the first few moments were computed. In 1981 Jutila [23] established the asymptotic formula for the first and second moments. The asymptotic formulas he obtained are
where the constants C 1 and C 2 can be expressed in terms of Euler products and factors containing the Riemann zeta function. Soundararajan [29] computed the asymptotic formula for the third moment, he proved that
where d is an odd, square-free and positive number, χ 8d is real, even primitive Dirichlet character with conductor 8d, and C 3 is a constant.
In general, it is conjectured that
As before, making use of random matrix theory, Keating and Snaith [25] conjectured in their paper the precise value of C k .
In 2005 Conrey, Farmer, Keating, Rubinstein and Snaith [5] presented a new heuristic for all of the main terms in the integral moments of several families of primitive L-functions. Their conjectures agrees with previous known results. For the Riemann zeta function, they gave a precise conjecture for M k (T ) including an asymptotic expansion for the lower order terms using shifted moments. For the family of quadratic Dirichlet L-functions their conjecture reads. That is, X d (s) is the factor in the functional equation for the quadratic Dirichlet L-function
Summing over fundamental discriminants d, we have
where Q k is polynomial of degree k(k + 1)/2 given by the k-fold residue
with (1.14)
ζ(1+z i +z j ), ∆(z 1 , · · · , z k ) the Vandermonde determinant given by
and A k is the Euler product, absolutely convergent for |ℜ(z i )| < It is important to observe that Diaconu, Goldfeld and Hoffstein [14] have also conjectured moments of families of L-functions using different techniques, their method is based on multiple Dirichlet series. Recently, Diaconu and Whitehead [15] established a smoothed asymptotic formula for the third moment of quadratic Dirichlet L-functions at the central value. In addition to the main term, which is known, they prove the existence of a secondary term of size x 3/4 . The error term in their asymptotic formula is on the order of O(x 2/3+δ ) for every δ > 0.
Conrey, Farmer and Zirnbauer [6] presented a generalisation of the heuristic method for moments presented in [5] to the case of ratios of product of L-functions. These conjectures are very powerful since they encode information about statistics of zeros of such L-functions. The ratios conjectures as put forward by Conrey, Farmer and Zirnbauer can be used to prove very precise conjectures about distribution of zeros of families of L-functions such as pair-correlation and n-level density (for more details see [13] ). Their ratios conjecture for the family of quadratic Dirichlet L-functions is as follow. 17) where
(1.20)
In 1979 Goldfeld and Viola [19] introduced a variant of the problem about moments of quadratic Dirichlet L-functions. They conjectured an asymptotic formula for
where the sum is taken over prime numbers and χ p (n) = n p is the usual Legendre symbol. In this direction, Jutila [23] proved that
However, establishing an asymptotic formula for
when X → ∞ and k > 1, still remains an unsolved problem.
In this paper we consider moments of the symplectic family of quadratic Dirichlet L-functions in the function field setting. Similar to the number field case, the goal is to determine the asymptotic behaviour of
with q an odd prime power and F q being the ground field. H 2g+1,q is the hyperelliptic ensemble of monic, square-free polynomials of degree 2g + 1 with coefficients in F q .
Andrade and Keating [2] and Hoffstein and Rosen [21] computed the first moment of this family, they showed that
where P 1 is a linear polynomial. For the second, third and fourth moments of this family, Florea [16, 17] proved that
where P 2 , P 3 and P 4 are polynomials of degree 3, 6 and 10 respectively whose coefficients can be computed explicitly, except for P 4 where only the first few coefficients were obtained. It is also worth to notice that Florea in [18] has improved the error term in the first moment of quadratic Dirichlet L-functions in function fields and was able to obtain an strenuous lower order term that was never predicted by random matrix theory and other heuristics in the number field case.
In another paper, Andrade and Keating [4] adapted the recipe of [5] and of [6] to the function field setting and conjectured asymptotic formulas for the integral moments and ratios of the family of quadratic Dirichlet L-functions in function fields. Their main conjectures are presented below. Conjecture 1.3. Let k be a positive integer. Then,
where Q k is polynomial of degree k(k + 1)/2, with explicit coefficients.
Conjecture 1.4. Let α k and γ m complex numbers with positive and small real parts. Then,
where ζ A (s) is the zeta function associated to the polynomial ring A = F q [T ] and X(s) is a function that depends on q.
One can note that (1.29) and (1.30) are the function field analogues of the formulas (1.12) and (1.17) respectively.
The main aim of this paper is to formulate a conjectural asymptotic formula for
where P 2g+1,q is the set of all monic, irreducible polynomials of odd degree 2g + 1 with coefficients in F q , as |P | → ∞.
In the paper [3] , Andrade and Keating established asymptotic formulas for the first and second moments of (1.33), namely (1.34)
In this paper we adapt to the function field case the conjectures 1.1 and 1.2 for the family of quadratic Dirichlet L-functions associated with χ P over a fixed finite field F q . In Section 2, we present some basic facts on L-function over function fields followed by the statement of our main results. In section 3, we present the details of the recipe in [5] when it is adapted for the function field setting. In Section 4, we use the integral moments conjecture over function fields when k = 1, 2, and compare with the main theorems of [4] , then we conjecture the precise value for the third moment, i.e., when k = 3 in this setting. In Section 5, we present the recipe of [6] for the same family of L-functions over function fields. In Section 6, we use the ratios conjecture for function fields and compute the one-level density of the zeros of this same family of L-functions.
Statement of the main results
In this section we gather some basic facts about L-functions over function fields. Many of the results and notation here can also be found in [27] .
Let F q be a finite field of odd cardinality q = p a , with p a prime. Denote the polynomial ring over F q by A = F q [T ] , and the rational function field
we define the norm of f by |f | := q deg(f ) . For R(s) > 1, the zeta function attached to A is defined by
Since there are q n monic polynomials of degree n, we can easily prove that
which provides an analytic continuation of the zeta-function to the whole complex plane, with simple pole at s = 1, which leads to the analogue of the Prime Number Theorem for polynomials in
Theorem 2.1. (Prime Polynomial Theorem) Let π A (n) denote the number of monic irreducible polynomials of degree n in A. Then
Now, Let P be a monic irreducible polynomial, define the quadratic character
The quadratic reciprocity law states that for A, B non-zeros and relatively prime monic polynomials, we have
.
We denote by χ P the quadratic character defined in terms of the quadratic residue symbol for A (2.6)
where f ∈ A.
In this paper, the focus will be in the family of quadratic Dirichlet Lfunctions associated to polynomials P ∈ P 2g+1,q , where (2.7) P 2g+1,q = {P ∈ A, monic, irreducible and deg(P ) = 2g + 1}.
The quadratic Dirichlet L-function attached to the character χ P is defined to be
With the change of variables u = q −s , L(s, χ P ) is a polynomial of degree 2g given by
(see Propositions 14.6 and 17.7 in [27] ).
We are now in a position to state the main conjectures of this paper.
Conjecture 2.2. . Suppose that q ≡ 1(mod 4) is the fixed cardinality of the finite field F q and let X P (s) = |P | 1/2−s X (s) where
That is X P (s) is the factor in the functional equation
Summing over primes P ∈ P 2g+1,q we have
where
and A k is the Euler product, absolutely convergent for |ℜ(z i )| < 1 2 , defined by
More generally, we have
and the path of integration encloses the ±α's.
Note that, in the case when k = 1 and k = 2, this conjecture agrees with the results of Andrade and Keating [3] . See Sections 4.1 and 4.2 for further details.
The next conjecture is the translation for function fields of the ratios conjecture for quadratic Dirichlet L-functions associated with the character χ P .
Conjecture 2.3. Suppose that the real part of α k and γ k are positive and that q odd is the fixed cardinality of the finite field F q . Then with the same notation as before we have
In the following sections we present the details of how to arrive at these conjectures.
Integral moments of L-functions over prime polynomials
In this section, we present the details of the recipe for conjecturing moments of the family of quadratic Dirichlet L-function L(s, χ P ) associated to hyperelliptic curves of genus g over fixed finite field F q as g → ∞. As in Andrade and Keating [4] , we will adjust the recipe first presented in [5] to the function field setting.
Let P ∈ P 2g+1,q . For a fixed k, we aim to obtain an asymptotic expression for
In order to achieve this we consider the more general expression obtained by introducing small shifts, say
By introducing the shifts it helps to reveal the hidden structures in the form of symmetries. Moreover, the calculations are simplified by the removal of higher order poles. In the end, letting each α 1 , · · · , α k tend to 0 will provide an asymptotic formula for (3.1).
Analogies between classical L-functions and L-functions over function fields. kgm
The first step to obtain a conjecture for the integral moments of Lfunctions of any family is the use of the approximate functional equation. Thus, the "approximate" functional equation for the L-function attached to the character χ P is given by
where P ∈ P 2g+1,q and X P (s) = q g(1−2s) . Note that X P (s) can also be re-written as,
+s corresponds to the gamma factor that appears in the classical quadratic L-functions.
The following lemma, which is easy to check, will be used in the recipe. The following lemma makes the analogy between the function field case and the number field case more apparent.
Lemma 3.1. We have that,
, and
Consider the following completed L-function
We will apply the recipe to this completed L-function, since it simplifies the calculations, and satisfies a more symmetric functional equation given by the next lemma.
be the Z-function defined above, then we have the following functional equation,
Proof. Direct from the definition of Z L (s, χ P ) and Lemma 3.1.
be the k-shifted moment, with
Using the "approximate" functional equation (3.3) and Lemma 3.1 we have
Adapting the CFKRS recipe for the function field case. kgm
We present the steps of the recipe which follows from [5] and [4] with the necessary modifications for the family of L(s, χ P ).
(1) Write the product of k-shifted L-functions.
(2) Replace each L-function with the two terms from its approximate functional equation (3.3) with s = 1/2 + α i .
Z(
where f (1) = g, and f (−1) = g − 1.
(3) Replace each product of ε f -factors by its expected value when averaged over P 2g+1,q .
In our case ε f -factors are equal to 1. Thus the product will not appear and will not affect the result.
(4) Replace each summand by its expected value when averaged over P 2g+1,q .
We need first to average over all primes P ∈ P 2g+1,q . The next lemma gives the orthogonality relation for these quadratic Dirichlet characters over function fields. .14) lim
Proof. Consider the case when n = , then we have
since we are summing over primes of degree 2g + 1 and P ∤ l, and deg(l) ≤ 2g, which means that we are counting all primes of degree 2g + 1, thus (3.16)
Hence if n is a square of a polynomial,
It remains to consider the case when n = , Rudnick [28] shows that (3.18)
and from Polynomial Prime Theorem (2.1) we have
Hence if n is not a square of a polynomial we have that (3.20) lim
Using Lemma 3.3 we can average the summand in (3.13) , that is
(5) Let each n 1 , · · · , n k to be monic polynomials, and call the total result M f (s, α 1 , · · · , α k ) to produce the desired conjecture.
If we let
then the extended sum produced by the recipe is (3.23)
(6) The conclusion is In this section we put the conjecture (3.24) in a more useful form, we write R k as an Euler product, then factors out the appropriate ζ A (s)-factors. Let
then it is easy to see that ψ(m 2 ) is multiplicative on m. We can write
Since we have n 1 · · · n k = P 2j , then for each i = 1, · · · , k, write n i as n i = P e i , for some e i ≥ 0 and e 1 + · · · + e k = 2j, and (3.27) becomes
and so, we have
One can see that when α i = 0 and s = 1/2, the poles only arise from the terms with e 1 + · · · + e k = 2. Define R k,P (s; α 1 , · · · , α k ) to be as follow
for R(α i ) small enough (see [5] for more details). And so, we have
has a simple pole as s = 1/2. Therefore (3.33)
is analytic in R(s) > 1/4, and P R k,P has a pole at s = 1/2 of order k(k + 1)/2 if α i = 0 for all i = 1, · · · , k. It remains to factor out the appropriate zeta-factors. Since we have
then from (3.31) and (3.32) we can write
Hence,
From the definition of X P (s) in (3.4), we have
We finish this section writing A k as an Euler product in the following lemma.
Lemma 3.4. We have
Proof. We define
then from (3.30) we can write,
by simplifying the second brackets we obtain the result in the lemma, that is,
(−1) We begin this section with Lemma 2.5.2 from [5] , which helps to write our conjecture as a contour integral.
Lemma 3.5. Suppose F is a symmetric function of k variables, regular near (0, · · · , 0), and that f (s) has a simple pole s = 0 of residue 1 and is otherwise analytic in a neighbourhood of s = 0, and let
If α i + α j are contained in the region of analyticity of f (s), then
and
where the path of the integration encloses the ±α i 's.
Recall that,
where X P (s) is defined in (3.4). Since X P (
does not depend on P , we can factor out it, and from (3.49) and (3.40) we have
From each term in the second product we factor out (log q) −1 to get
where f (s) has a simple pole at s = 0 with residue 1.
If we denote
then (3.51) can be written as
Using Lemma 3.5 we have
with (3.57)
Moreover, if we denote
then (3.56) becomes
Now, letting α i → 0, we have
we obtain the formula of the Conjecture 2.2, i.e., (3.62)
Some conjectural formulae for moments of L-functions associated with χ P
We use Conjecture 2.2 to obtain explicit conjectural values for several moments of quadratic Dirichlet L-functions associated to χ P over function fields.
First moment. kgm
We will use Conjecture 2.2 when k = 1 to compute the first moment of our family of L-functions, then compare the result with that of Andrade and Keating proved in [3] . For k = 1 the formula in Conjecture 2.2 gives
where Q 1 (x) is polynomial of degree 1. From the contour integral formula for Q k (x) in (2.14), we have
Recall that, the Vandermonde determinant is defined
which for k = 1 is equal to 
Therefore, (4.2) becomes
In order to compute the integral in (4.7) where the contour is a small circle around the origin, we need to locate the poles of the integrand. So let
note that the zeta function ζ A (1 + 2z 1 ) has a simple pole at z 1 = 0, which means that f (z 1 ) has a pole of order 2 at z 1 = 0. we compute the residue by expand f (z 1 ) as a Laurent series and consider the coefficient of z −1
1 . Expanding the numerator of f (z 1 ) around z 1 = 0 we have, Res
Hence, we have
(4.14)
Finally, we can write the first moment as, 
Second moment. kgm
For k = 2, the conjecture 2.2 gives
where Q 2 (x) is a polynomial of degree 3, given by
then we have .22) where A j is the partial derivative, evaluate at zero, of the function A 1 2 ; z 1 , · · · , z k with respect to jth variable, with indices denoting higher derivatives, i.e:
Hence we can write the leading order asymptotic for the second moment for the family of L-function when g → ∞ as
(4.23)
Comparing with Andrade and Keating result (Theorem 2.5 of [3] ) we see that their theorem proves our conjecture with an error O |P | log q |P | .
Third moment. kgm
For the third moment, Conjecture 2.2 states that (4.24)
where Q 3 (x) is a polynomial of degree 3.
Thus, with the help of the symbolic manipulation software Mathematica we compute the triple contour integral and obtain The main aim in this section is to obtain a conjecture for the leading order asymptotic of the moments for a general integer k. The calculations presented here are based to the calculations first presented in [24] and [1] . To obtain the main formula we need the following lemma.
Lemma 4.1. Let F be a symmetric function of k variables, regular near (0, · · · , 0) and f (s) has a simple pole of residue 1 at s = 0 and analytic in a neighbourhood of s = 0. Let
and define I (|P |, k; w = 0) to be the value of K when w 1 , · · · , w k = 0. We have that,
We are in a position to obtain the desired formula, from (3.56) recall that 
and letting α 1 , · · · , α k → 0 we obtain
as g → ∞. Summing over P we get that
Hence, we have proved the following.
Theorem 4.1. Conditional on Conjecture 2.2 we have that as g → ∞ the following holds We end this section by writing the asymptotic formula for the fourth and the fifth moment for our family of L-functions. Theorem 4.1 implies that the leading order for the fourth moment can be written as 
and the leading order for the fifth moment is
Ratios conjecture for L-functions over function fields
The main aim of this section is to obtain a conjectural asymptotic formula for (5.1)
, where P 2g+1,q = {P monic, P irreducible, deg(P ) = 2g + 1, P ∈ F q [T ]}, and P = {L(s, χ P ) : P ∈ P 2g+1,q }. We adapt the original recipe of Conrey, Farmer and Zirnbauer [6] for this family of L-functions.
The idea is to replace the L-functions in the numerator by their "approximate" functional equation
and expand the L-functions in the denominator into the series
where µ(n) and χ P (n) is defined in Section 2.
As in the previous section, we apply the recipe to the quantity (5.4)
where Z L (s, χ P ) is defined in (3.7) with "approximate" functional equation given by (3.11) . Now expanding the denominator we get
Making use of the "approximate" functional equation (5.2), we have
so we can write (5.5) as
Following the recipe we replace each summand by its expected value when averaged over primes P ∈ P 2g+1,q , in other words we have that 8) where δ(n) = 1 if n is a square and 0 otherwise.
Next we factor out the zeta-function factors. Note that, the main difficulty here is to identify and factor out the appropriate zeta-functions factors that contribute to poles and zeros. With the same notation used in [1] , we define the following series
If m k = P P a k and h q = P P cq , then we can write G P (α; γ) as a convergent Euler product provided that R(α k ) > 0 and R(γ q ) > 0,
(5.10)
We now write G P in terms of the zeta-function of F q [T ]. First, we express the contribution of all poles and zeros of (5.10) in terms of ζ A (s) by rewriting the Euler product in (5.10) as
where · · · are referring to the convergent terms. Recall that
We can see from (5.11 ) that the terms with K k=1 a k + Q q=1 c q = 2 contribute to the poles and zeros. The poles are coming from the terms with a j = a k = 1, 1 ≤ j < k ≤ K, a k = 2, 1 ≤ k ≤ K, and also from the terms with c r = c q = 1, 1 ≤ r < q ≤ Q. Note that there are no poles coming from the terms with c q = 2, 1 ≤ q ≤ Q, since µ(P 2 ) = 0. Moreover, the zeros comes from the terms with a k = c q = 1 with 1 ≤ k ≤ K, and 1 ≤ q ≤ Q.
From the above, we can define the function Y S (α; γ) in terms of ζ A (s) by,
Thus, we can factor out Y S (α; γ) from G P (α; γ), such that (5.14)
where A P (α; γ) is the Euler product that converge absolutely for all of the variables in the small disks around 0,
Returning to the recipe, we can conclude from (5.7), (5.9), and (5.14) that
Now, using (3.7) we have
Remembering that,
we have that
For positive real parts of α k and γ q we have
Finally, if we let 22) then the conjecture may be formulated as
( 5.23) 5.1. Refinements of Conjecture. kgm
In this section we state the final form of our ratios conjecture. In the first part we derive a closed form expression for the Euler product A P (α; γ), and in the second part we express the combinatotial sum as a multiple integral.
Closed form expression for
and so, let
Using the above equations we can establish the following lemma.
Lemma 5.1. We have that,
The following result is a direct corollary from Lemma 5.1 and equation (5.15).
Corollary 5.2.
A P (α; γ) = P monic irreducible To obtain our final form of the Ratios Conjecture 2.3, we need the following lemma (Lemma 6.8, [6] ).
is a function of K variables, which is symmetric and regular near (0, · · · , 0). Suppose further that f (s) has a simple pole of residue 1 at s = 0 but is otherwise analytic in |s| ≤ 1. Let either
Now, we are in a position to present the final form of the ratios conjecture 2.3.
Conjecture 5.1. Suppose that the real parts of α k and γ q are positive. Then we have,
(5.32)
One-level density
In this section we give an application of the Ratios Conjecture 2.3 for L-functions over function fields. We compute a smooth linear statistic, the one-level density for the family of quadratic Dirichlet L-functions associated to monic irreducible polynomials in F q [T ]. The one-level density for the family of quadratic Dirichlet L-functions over fundamental discriminants was computed using the rations conjecture by Conrey and Snaith [13] in the number field setting and by Andrade and Keating [4] in the function field setting.
Using the ratios conjecture as presented in the last section with one Lfunction in the numerator and one L-function in the denominator we arrive at the following particular conjecture. 
+ o (|P |) . Therefore, the ratios conjecture implies that the following result holds. We have available all the necessary machinery to derive the formula for the one-level density for the zeros of Dirichlet L-functions associated to quadratic characters χ P with P ∈ P 2g+1,q , complete with lower order terms.
Let γ P be the ordinate of a generic zero of L(s, χ P ) on the half-line. Since L(s, χ P ) is a function of u = q −s and periodic with period 2πi/ log q we can restrict our analysis of the zeros for the range −πi/ log q ≤ I(s) ≤ πi/ log q. Consider the one-level density (6.7)
where f is an even 2π/ log q-periodic test functions and holomorphic.
Using Cauchy's Theorem we have Since the integrand is regular at t = 0, we move the path of the integration to c = 1/2, and replace the sum over P by Theorem 6.2 to obtain 1 2π π/ log q −π/ log q f (t)
(6.10)
The functional equation (2.10) implies that
L(s, χ P ) , (6.11) with (6.12) X ′ P (s) X P (s) = − log |P | + X ′ (s) X (s) .
For the integral on the (1 − c)-line, we change variables, letting s → 1 − s, then use (6.11) and with the similar calculations as for the integral on the (c)-line we obtain the following theorem. where γ P is the ordinate of a generic zero of L(s, χ P ) and f is an even and periodic sutable test function.
6.1. The Scaled One-Level Density. kgm Defining (6.14) f (t) = h t(2g log q) 2π
and scaling the variable t from Theorem 6.3 as (6.15) τ = t(2g log q) 2π ,
we have that P ∈P 2g+1,q γ P f γ P 2g log q 2π = 1 2g log q 2g log q 2πiτ + (#P 2g+1,q ) e −2πiτ 2g log q 2πiτ dτ.
(6.20)
However, since h is an even function, we can drop out the mid term and the last term can be duplicated with a change of sign of τ, leaving lim g→∞ 1 #P 2g+1,q P ∈P 2g+1,q γ P f γ P 2g log q 2π 
